Abstract. We generalize the classical Cayley-Dickson doubling process starting with a quaternion algebra over a field F by allowing the scalar in the doubling to be an invertible element in the algebra. We investigate the resulting eight-dimensional algebras over F and show that they are division algebras for all scalars chosen in D × outside of the base field F , if D is a division algebra.
Introduction
It is well-known that every real division algebra must have dimension 1, 2, 4 or 8 [M-B, K] , and, indeed, the same result applies to division algebras over a real closed field [D-D-H] .
Real division algebras were roughly classified by 2] according to the isomorphism type of their derivation algebra. In the introduction of [B-O2] , it is noted that "as one might expect, most of the classes of division algebras are natural generalizations of the quaternions and octonions," with the only exception of one family of flexible algebras which includes Okubo's pseudo-octonion algebras. The authors constructed division algebras over fields of characteristic 0 by slightly manipulating the usual octonion multiplication. A list of 5 types of possible derivation algebras Der (A) was given, together with examples of division algebras which have the corresponding type of derivation algebra [B-O1] . Using the representation theory of Lie algebras, for each type of derivation algebra families of real division algebras of dimension 8 were investigated which display this non-zero Lie algebra as their derivation algebra in [B-O2] . Their work was continued in [R] and 2] .
Flexible real division algebras were classified in subsequent papers by Benkart, Britten, D1, D2] , see also Cuenca Mira, De Los Santos Villodres, Kaidi and Rochdi [C-V-K-R] . Ternary derivations were used in [J-P] to describe large classes of division algebras. Power-associative real division algebras of dimension less or equal to 4 were classified in [Die] , to list just of a few of the other known results.
However, the problem to describe all real division algebras which are neither alternative nor flexible remains open up to today.
Let F be a field. A nonassociative quaternion algebra over F is a four-dimensional unital F -algebra A whose nucleus is a quadraticétale algebra over F . Nonassociative quaternion division algebras canonically appeared as the most interesting case in the classification of the algebras of dimension 4 over F which contain a separable field extension K of F in their nucleus [W] . This was already observed by Althoen-Hansen-Kugler [Al-H-K] in the special case that F = R.
Nonassociative quaternion division algebras were first discovered by Dickson [Di] in 1935 and Albert [A] in 1942 as early examples of division algebras over R which are neither powerassociative nor quadratic. In 1987, Waterhouse [W] completely classified these algebras as well as the corresponding split nonassociative quaternion algebras (simple F -algebras whose nucleus is isomorphic to the split quadraticétale algebra F ⊕ F ) over arbitrary base fields, and computed their automorphisms and derivations. Their derivation algebra has dimension 1.
Waterhouse's classification reveals that every nonassociative quaternion algebra is a CayleyDickson doubling of its nucleus S, where the scalar chosen for this doubling process is an invertible element in S not contained in the base field, cf. [As-Pu] .
In this paper, we study a family of eight-dimensional algebras which are unital and not power-associative. All algebras contain both quaternion and nonassociative quaternion algebras as subalgebras. These algebras, which we call Dickson algebras, are constructed from the Cayley-Dickson doubling of a quaternion algebra D in Section 2. However, the scalar chosen for the doubling process is an invertible element in D not contained in the base field. Thus this construction canonically extends the one for classical octonion algebras over F . They are division algebras if and only if the quaternion algebra which is used in the doubling process is a division algebra.
Dickson algebras over fields of characteristic not 2 are examples of central algebras which are not power-associative and not quadratic. Over R, for instance, there is the division algebra Cay(H, i) and hence also the division algebra Cay(H, i) op .
Our idea of constructing algebras by choosing the scalar in the Cayley-Dickson doubling outside of F seems to not have been studied in the literature so far apart from the case of nonassociative quaternion algebras in [W] and [As-Pu] . One advantage is that the description of these algebras is base free and thus can be easily generalized to algebras over rings if desired. Properties of these algebras are studied in Section 2. For instance, if D is a quaternion division algebra then D is up to isomorphism the only quaternion subalgebra of the Dickson algebra A = Cay(D, c) and A is a division algebra for any choice of scalar c ∈ D × not in F . In Section 3 we investigate when two Dickson algebras are isomorphic and look at their derivations.
1. Preliminaries 1.1. Nonassociative algebras. Let F be a field. By "F -algebra" we mean a finite dimensional unital nonassociative algebra over F .
A nonassociative algebra A is called a division algebra if for any a ∈ A, a = 0, the left multiplication with a, L a (x) = ax, and the right multiplication with a, R a (x) = xa, are bijective. A is a division algebra if and only if A has no zero divisors [Sch, pp. 15, 16] .
For an F -algebra A, associativity in A is measured by the associator [x, y, z] = (xy)z − x(yz). The left nucleus of A is defined as
The nucleus is an associative subalgebra of A (it may be zero), and x(yz) = (xy)z whenever one of the elements x, y, z is in N (A).
The commuter of A is defined as Comm(A) = {x ∈ A | xy = yx for all y ∈ A} and the center of A is C(A) = {x ∈ A | x ∈ Nuc(A) and xy = yx for all y ∈ A}.
Let S be a quadraticétale algebra over F (i.e., a separable quadratic F -algebra in the sense of [Knu, p. 4] ) with canonical involution σ : S → S, also written as σ = − , and with nondegenerate norm N S/F : S → S, N S/F (s) = ss = ss. S is a two-dimensional unital commutative associative algebra over F . With the diagonal action of F , F ×F is a quadratić etale algebra with canonical involution (x, y) → (y, x). A quadraticétale algebra S which is isomorphic to the algebra F × F is called split. An F -algebra A is called S-associative if S is contained in the nucleus N (A).
1.2. Nonassociative quaternion division algebras. Let F be a field. A nonassociative quaternion algebra over F is a four-dimensional unital F -algebra A whose nucleus is a separable quadratic field extension of F . Let S be a quadraticétale algebra over F with canonical involution σ = − . For every b ∈ S \ F , the vector space
becomes a nonassociative quaternion algebra over F with unit element (1, 0) and nucleus S under the multiplication
Given any nonassociative quaternion algebra A over F with nucleus S, there exists an element b ∈ S × \ F such that A ∼ = Cay(S, b) [As-Pu, Lemma 1]. The multiplication is thus defined analogously as for a quaternion algebra, only that we require the scalar b to lie outside of F . Nonassociative quaternion algebras are neither powerassociative nor quadratic. Moreover, the nonassociative quaternion algebra A = Cay(S, b) is a division algebra if and only if S is a separable quadratic field extension of F [W, p. 369] .
Remark 1. The construction of a nonassociative quaternion algebra Cay(K, b) strongly resembles the one of quaternion algebras also from another point of view: Let F have characteristic not 2 and K = F ( √ a) = F (i) for some a ∈ F be a quadratic field extension with norm N K/F (x) = xσ(x), where σ is the non-trivial automorphism of K that fixes F .
Remark 2. Let F = R. Then Cay(C, b) ∼ = Cay(C, b ′ ) if and only if b ′ = tb for some positive t ∈ R [Al-H-K, Thm. 14]. Over Q, we can easily find non-isomorphic nonassociative quaternion division algebras: It was observed in [W] that two nonassociative quaternion algebras A = Cay (K, b) 
for some automorphism g ∈ Aut(K) and some non-zero d ∈ K.
If A is a real division algebra of dimension 4, then its derivation algebra is isomorphic to su(2) or dim DerA = 0 or 1 by the classification theorem in [B-O1] .
Theorem 3. ( [W, Thm. 3] ) Let K be a separable field extension of F . The derivations of the nonassociative quaternion division algebra A = Cay (K, b) have the form D((u, v)) = (0, sv) with s ∈ K such that s + σ(s) = 0. In particular, DerA ∼ = F .
The generalized Cayley-Dickson doubling process
Let D be a quaternion algebra over F . Let σ = : D → D be the canonical involution of D. Let c ∈ D be an invertible element not contained in F . Then the eight-dimensional F -vector space A = D ⊕ D can be made into a unital algebra over F via the multiplication
The unit element is given by 1 = (1, 0). × not contained in F we call a Dickson algebra over F .
Remark 4. Let D a quaternion division algebra over F . Then every element c ∈ D not contained in F lies in some quadratic field extension K ⊂ D which is either purely inseparable or cyclic [Dr, p. 160] .
We can immediately say the following:
(ii) If F has characteristic not 2, there is a separable quadratic field extension K ⊂ D such that c ∈ K and the nonassociative quaternion algebra Cay(K, c) is a subalgebra of A. If F has characteristic 2 and c lies in a cyclic quadratic extension K ⊂ D of F then the nonassociative quaternion algebra Cay(K, c) is a subalgebra of A. If F has characteristic 2 and c lies in a purely inseparable extension K ′ ⊂ D of F then the algebra Cay(K ′ , c) is a subalgebra of A. It is not a nonassociative quaternion algebra, however. (iii) A is not power-associative and not quadratic. Proof. We will only treat the split case in (ii), since the other assertions are straightforward to prove. We have (r, s) ∈ Nuc r (A) if and only if
This is equivalent to
For u ′ = v ′ = 1 and u = 0 this yields vr = rv for all v ∈ D, hence r ∈ F . Thus (r, s) ∈ Nuc r (A) implies r ∈ F and
For v = v ′ = 1 and u = u ′ = 0 we get sc = sc, therefore s(c − c) = 0. If D is a division algebra, this implies s = 0. If D is not a division algebra it means that s must be a zero divisor.
Over a field of characteristic 2, we define the quaternion algebra [a, b) over F via [a, b) = i, j | i 2 + i = a, j 2 = b, ij = ji + j with a ∈ F and b ∈ F × . Obviously, we have [a, b) = Cay(L, b) with L = F (i) where i 2 + i = a is a separable quadratic field extension [S, p. 314] .
Theorem 8. Let D be a division algebra. Then D is up to isomorphism the only quaternion subalgebra of the Dickson algebra A = Cay(D, c).
Proof. We distinguish two cases. (i) Let F have characteristic not 2 and let D = (a, b) F be a division algebra. Suppose there is a quaternion subalgebra B = (e, f ) F in A. Then there is an element X ∈ A, X = (u, v) with u, v ∈ D such that X 2 = e ∈ F × and an element Y ∈ A, Y = (w, z) with w, z ∈ D such that Y 2 = f ∈ F × and XY + Y X = 0. The first equation implies If D is not a division algebra we only get e + N D/F (u) = cN D/F (v) in the proof of (i). Here it could happen that the right hand side is 0, the left hand side still lies in F , so we get no contradiction unless v is not a zero divisor. A similar argument would apply in (ii).
Lemma 9. Let F have characteristic not 2 and let D be a division algebra. If Cay(L, e) is a nonassociative quaternion subalgebra of the Dickson algebra
Analogously as in the proof of Theorem 8 (i), this implies Y = (w, 0) and
Theorem 10. The Cayley-Dickson doubling A = Cay(D, c) of a quaternion division algebra D is a division algebra for any choice of c ∈ D × not in F .
Proof. We show that A has no zero divisors: suppose
This is equivalent to 
Substituting this into the first equation gives
Let A op be the opposite algebra of the Dickson algebra A = Cay(D, c). Then the multi-
A op is not power-associative, not quadratic, and has Nuc(A) = F , Comm(A) = F and C(A) = F (Lemma 5). Our other previous results easily carry over to the opposite algebra of a Dickson algebra:
is up to isomorphism the only quaternion subalgebra of A op .
(ii) If F has characteristic not 2, there is a separable quadratic field extension K ⊂ D op such that c ∈ K and the nonassociative quaternion algebra Cay(K, c) is a subalgebra of A. If F has characteristic 2 and c lies in a cyclic quadratic extension K ⊂ D op of F then the nonassociative quaternion algebra Cay(K, c) is a subalgebra of A op .
If F has characteristic 2 and c lies in a purely inseparable extension
(iii) If D is a quaternion division algebra, the opposite algebra A op is a division algebra for
If D is split then F ⊂ Nuc l (A op ) and (r, s) ∈ Nuc l (A op ) implies that r ∈ F and either s = 0 or s = 0 must be a zero divisor such that s(c − c) = 0.
We leave the question whether the opposite algebra Example 12. Let H = (−1, −1) R denote Hamilton's quaternion algebra. Then for each c ∈ H × and c ∈ R, Cay(H, c), for instance Cay(H, i), is a Dickson algebra over R which is a division algebra. Moreover, so is Cay (H, c) op . All these algebras contain H as subalgebra.
3. Isomorphisms and derivations 3.1. Isomorphisms. Let B and D be two quaternion algebras over F and g : D → B an algebra isomorphism such that g(σ(u)) = σ(g(u)) (this is automatically the case if F has characteristic not 2). Let m ∈ F × . Then
is an isomorphism of Dickson algebras.
Example 13. For char F = 2 and c = c
Let g : D → D be an algebra isomorphism and m ∈ F × . By the Theorem of SkolemNoether [KMRT, (1.4) 
is an algebra isomorphism. Indeed, for division algebras these are all the possible isomorphisms: (
The subspace Dl is mapped to the subspace Dl ′ as it is determined by its relation to the 2-sided multiplication by elements in
Moreover, G((u, v)) = (aua −1 , ava −1 z). Since G is multiplicative we have
which is equivalent to
Since a ∈ D × , moreover (2) is equivalent to
This implies that for all w ∈ D, wz = zw and hence that z ∈ Comm(D) = F . Therefore z = n ∈ F × . Now let m = n −1 , then d = m 2 aca −1 and we have proved the assertion. We obtain cq + cr + cr = (c +c)q and substituting q = r +r yields 2cq = (c +c)q, thus (c −c)q = 0 and q = 0. Therefore D((c, 0)) = (0, 0).
Since q = 0 also r +r = 0. Substitutingr = −r into the equation 3rc + 2rc =cr yields rc =cr.
(ii) is an easy calculation.
Remark 17. Obviously r = 0 will work in (ii). Since c ∈ L for some quadratic subfield of D, any r ∈ L × also will give a contradiction.
